UNIT -V
STATE SPACE ANALYSIS

Topics: Concepts of state - state variables and state model - state space
representation of transfer function: Controllable Canonical Form -
Observable Canonical Form - Diagonal Canonical Form - diagonalization
using linear transformation - solving the time invariant state equations
State Transition Matrix and its properties- concepts of controllability and
observability.

INTRODUCTION

The concept of modelling, analysis and design of control systems
discussed, so far was based on their transfer functions which suffer from
some drawbacks as stated below.
(i) The transfer function is defi ned only under zero initial conditions.
(ii)) It is only applicable to linear time-invariant systems and generally
restricted to single input single output (SISO) systems.
(iii) It gives output for a certain input and provides no information about the
internal state of the system.
To overcome these drawbacks in the transfer function, a more generalised
and powerful technique of state variable approach in the time domain was
developed. The state variable method of modelling, analysis and design is
applicable to linear and non-linear, time-invariant or time varying multi-
input multi-output (MIMO) systems. The placement of closed-loop poles for
improvement of system performance can be done with state feedback.

CONCEPTS OF STATE, STATE VARIABLES AND STATE MODEL
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The set of state equations and output equations of the above state model
may be written in a vector-matrix form as given below.

X(t) = A x(t)+ B UQ)
Y(t)

|

C x(t) + DU(t)

Where A = n x n matrix, B = n x 1 matrix

C = 1 x n matrix, D= constant

and U(t)

single scalar input variable

A = Evolution matrix =nxn
B = Control matrix =nxm
C = Observation matrix = pxn
D = Transmission matrix = pxm

The block diagram of state model of linear MIMO system is shown in the fig.
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DERIVATION OF TRANSFER FUNCTION FROM STATE MODEL

Let us consider a single-input single-output system the transfer function of which 1s given by

T(s) .
Tw - 9
The state model of the above system may be given by the following equations.
X = Ax+Bu
Yy = Cx+dU

where x 1s the state vector, # 1s the input and y is the output and all are functions of time 7.
The Laplace transform given by

sX(s) — x(0) = AX(s) + BU(s)
and Y(s) = CX(s) + dU(s)
As transfer function 1s defined with zero initial condition, putting x(0) =0
sX(s) = AX(s) + BU(s)
sX(s) — AX(s) = BU(s)
(sI — A) X(s) = BU(s)
Pre-multiplying both sides by (s —A), we get,
X(s) = (sI —A) -1BU(s)
Putting the value of X(s)

Y(s) = [C(sI — A)'B + dU(s)

Y(s) -
- — C(SI—A)_lB—F J= Cladj(sI — A)|B
Us) |(sI — 4)]
PROBLEMS

1) Obtain the transfer function of a system described by the following state

equations X'l] ) [_2 . ] [Xl] ) [I]U
X, 1 211X 0

SOL:

A1 R
"T_wmf—“"]:“*“cmn = C !:SI J

1
Q
3
~
+
Q:J
%
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2) Obtain the transfer function of the system

-1 0 ~1 0
X={0 -1 1|x+|1|u
1 -2 -3 1]

Y=[1 0 I]X

SOL:

s+1 O 1
I-A)=, 0 s+1 ~I
-1 2 s+3

(s2 445 +5 2 —(+D)]

1 2
(SI-A)_lz 3 5 1 S +4s+4 s+1]
s” +355“ +10s+6 s+1 _2s+1) (S+1)2

PageE



The transfer function is given by,

T(S)zdjﬂ_ 1o 1] 1 s>+d4s+4  s+1 | |1

A) |

s +4s+5 2 -+ | [0
s+1 —2(s+1)  (s+1)?

Where A(s) = s’ + 55> + 10s + 6

[1—5s
1 2
T(s)= —— [1 0 1] |s"+5s+5
AS) (s+1)s=1)|
s(s—-1)

s +5s° +105+6

3) Obtain the transfer function of the system

%, 4 1] [x] [1
— + U
%, 3 -1 x| |1

| .
=11 0
! [ ] L’: }
SOL:

The given system may be written as

X = Ax + Bu

y = Cx + du
4 -1
4 =
1
B = 1}C:[l 0]
d =0

o
[
I~
|
N
o
I
.
| 7
+
fad
RN
L
+ —
S
I
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Thus the adjoint of matrix (s — A) 1s given by

Adj ol-ay = |70 7
sl — =
: 3 s+4
Also, sI—A| = (s+4)(s+1)+3
= s>+ 55+ 7

We may write the transfer function as

Y(s)  Cladj(sI - A)]B

- d
U(s) |(s1 - 4)| "
Now, C [adj (s —A)] B
st 1
[ ]_ 3 s+4] |1
s
- [1 0] S+7} o
Y(s) s

U(s) s?+55+7

4) Find the transfer function when

-2 1 0
A= 0 -3 ,B-l ,andC=[1 1]
SOL:

1 0 -2 1 s+2 -1
sI-A=75 - =
0 1 0 -3 0 543

1ol = PP T o425 43) 20
ST=A =| g g T
Therefore, (sI -A)™! exists.

Now

s+3 -1
Aay‘(sI—A)_ 0 s+3

CI=A7= 0 A~ G+2)s+3)
[.s‘+3 -1] " 1][ 1 ]

C(sl—Ay'B = [I l]u 0 _ s+2 _ (s+3) _ 1 =)
(s+2)(s+3) 1| (s+2)(s+3) (s+2)(s+3) s+2 g



STATE SPACE REPRESENTATION FOR ELECTRICAL NETWORKS
(PHYSICAL VARIABLE FORM)

PROCEDURE:

U) Seleck the Cctmte vancobles oS Volt-aﬂt acwss Capacitos amd
&

Cunh euds -H,mmjh the jnduets
@) TR no-of st=te viabley s equal 0 Sum of the
) duckors & @]ow&mg
2) App\g indﬂpwdw KeL amd KVL
(q) At Capaa(,—ur Jumcktion , appld KCL
Apply vl Hnough induckor

o Shoutd Consists Stalbe Vaﬂ?a,bkp/

abon of Stabe \Vostiabl &

ff Vp vaniably aud Ofp Veriably
di ffenenti

PROBLEMS:

1) Obtain the state model for the following network
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STATE SPACE REPRESENTATION FOR DIFFERENTIAL EQUATIONS

PROBLEMS:

1) Construct the state model for a system characterized by the differential

equation

SOL:

Yy + 5y + 6y =u

—
LR
i

|
o0
\

“ -,
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2) Construct the state model for a system characterized by the differential

equation
V+6y+10y+Sy=u
SOL:
X1 =y i.e. Yy =X
Bn=y=x X =X
X3 =y=x, Xy = X3
c
y‘:_éj}_loy_sy_*_u X3=_5x1_10xZ—6X/3+u ;:.20



Therefm”e, the state model is

% 0 1 O0]x 0
i |=| 0 0 1 |[x |+]|0u
X3 -5 —-10 6] x; 1

X

y:[l 0 O] Xy
X3

3) Construct the state model for a system characterized by the differential
equation

8'+53’+€3+45 =]oY

SOL:

R Nyc/c( :—3
No_ O'{l 5[ l: ¢m‘q,6|€5’ W

Lek ﬂ:al
, = Yy =%
9&3:3'3';&
y =%
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CONTROLLABLE CANONICAL FORM

STATE SPACE REPRESENTATION FOR TRANSFER FUNCTION
(PHASE VARIABLE FORM)

PROBLEMS
1) Obtain the state model for the following transfer function
T05) = _ '90
(“3 1 c
I +G§S+qt_)+(]0
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2) Obtain the state model for the following transfer function

|
Gres) =

Sates 3l
SOL:
Y Cs)

aG) = —— )
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3)

Obtain the state model of the system whose
S +75+2

S34+9s%+265+24

transfer function is given by —
SOL:
Y(s) _  s*+7s+2
U(s) s*+9s*+26s+24
Y(s) Y(S) C(s)
UGs) C(s) U(S)
Y(s)

—c2 L 7e L2
C(S)—s + 75+ 2 (1)
C(s) _ r
U(s) s*+9s*+26s+24 (2)

C(s) _ 1

Consider equation (2), UGs) _ 5919521265124

Cross-multiplying on both sides,
[s3 4+ 9s? + 265 + 24] C(s) = U(s)
3C(s) + 9s2C(s) + 26s C(s) + 24 C(s) = U(s)

Taking inverse Laplace transform,

dj:lct(at) +9 dilc(zt) 26 dc(t) + 24 c(t) = u(t)
€ (t) + 9 E(t) + 26 ¢(t) +24 c(t) = u(t)

X, (t) = c(t)

() =x(t)=¢(t) e 3)
%) =xs(t) =¢t) - (4)
X,(t) = ¢(t)
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C (t) + 9C¢(t) + 26¢(t) + 24c(t) = u(t)
X5(t) + 9 x5(t) + 26x,(t) + 24x,(t) = u(t)
X3(t) = - 24x%,(t) - 26%,(t) - 9 x5(t) + u(t) ----- (5)

Putting equations 3, 4 and 5 in matrix form,

X, 0 1 0 1rXi1 [0
lxz]=l 0 0 1 “X2]+H[u]
X1 1-24 -26 —-91lkx;l 11

Consider equation (1),

Y(s) _ 2
C(S)—s + 7s+ 2

Y(s) = [s* + 7s + 2]C(s)

Y(s) = s?C(s) + 7sC(s) + 2C(s)
Taking inverse Laplace transform,
y(t) = E(t) + 7¢(t) +2c¢(t)

y(t) = 2x,(t) + 7x,(t) + x5(t)

Xq
y(t)=12 7 1] [Xz]
X3
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OBSERVABLE CANONICAL FORM

The state model in controllable canonical form is given by
X = Ax + Bu
y = Cx + du

The state model in observable canonical form from the
controllable canonical form is given by

x=Alx(t) + CTu(t)
y = BTx(t)

Y5}  Dbus™ b3 % b B4 by
U(s) s"+a;s"14-+a, s+a,

The following state-space representation is called an
observable canonical form:

A.,:l _O O . O =P, an xl bn - anbo
x2 1 O e O o an—l 'x2 bn—l = an—lbo
s =i B 3 s s 5 ”
xn—l O O O - a2 ‘xn—l b2 — a2b()
L x" s _O O o 1 _al || 'xn _ | bl _a]b()
=] x| =
Xy
y=[0 0 -~ 0 1] : |+bu
’xn—]
X
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PROBLEM:

1) Obtain the state model in observable canonical form for the following
transfer function
|

Gres) =

53,4.1_95571— 235+ 32

SOL:

S talke eavv«ab‘m in makyTx %""’M

( '2;(| o ] O % o
P‘/
‘ - o o | LS o o
o, -
. -2 -3 -y A 5 |
X1
L
Ougfpmf—wm 7511 o
_— ] !
. [1 o ® %,
y = [
My

The state model in observable canonical form is given by

X1 0 0 -371[*1 1
Xol=11 0 =3[[X2+|0|u(t)
.'r'.C3 O 1 _4 x3 0

y=[0 0 1]|x2
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DIAGONAL CANONICAL FORM
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2) Obtain the state model in diagonal canonical form for the
following transfer function

Y(s) _ 2(s+5)
U(s) (s+2)(s+3)(s+4)

SOL:
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Y(s) _ 2(s+5)

U(s) (s+2)(s+3)(s+4)

By partial fraction expansion,

Y(s) _ 2(s+5) _ A B C

U(s) (s+2)(s+3)(s+4) (s+2) * (s+3) ¥ (S+4)
Solving for A, B and C

A=3; B=-4; C=1
Y(s) _ 2(s+5) _ 3 4

1

U(s)

——

X

1/s 3 - Y(s
: &

2

-4

2
1/s 4 %

1/s 3

| » ‘ X
w N
¥ A
P

4

The state equations are

X;=-2X;+ U
X, =-3X, + U
X3=-4X;+ U

The output equation is
y = 3X;- 4X, + X,

The State model is given by,

1[-2 0 07X [1
[szo -3 0 lx4+’1l[u]
110 0 —-4lkxd 11
X1
Y=[3 —4 1] ’X2
X3

U(s)  (s+2)(s+3)(s+4)  (s+2) (s+3) * (s+4)
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DIAGONALIZATION USING LINEAR TRANSFORMATION
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SOLUTION OF STATE EQUATIONS & STATE TRANSITION
MATRIX (STM)

For a time-invariant system, the state equations are divided into two

types. They are
i) Homogeneous State equations

ii) Non-Homogeneous State equations

SOLUTION OF HOMOGENEOUS STATE EQUATION

£ }'iomo%w\emcg e . A D Corgdent mrmrdfw
U & Teno weiky)
= Ax
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Taking the Laplace transform of both sides of Equation
sX(s5) — x(0) = AX(s)
(sI - A)X(s) = x(0)

Premultiplying both sides of this last equation by (sT — A)-', we obtain
X(s) = (s = A) 'x(0)

rOS) - 6 1@
WA A) = (S—I_A)-—I = swolvent el

)

K(5) = @(3) A

Takmg  dmMinge Seplate Totemplmm
W) = B wo)

x(E) = e Z(0)

pAé P k) =) GClled jiq_l-; Toter N\ limn  Mmebiut ("_?'TN‘-\
3 )

PROPERTIES OF STATE TRANSITION MATRIX ( ®(t) )

Y, g) = &
Pok  kup =
o 03
20) = ¢ = T ED
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SOLUTION OF NON-HOMOGENEOUS STATE EQUATION
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€3y Non- "\@Hog@,q’@o(q eq al) A loacom ks acCount,

X R

Ao A+ Bue)
‘Tﬂvlmrg (eplace Toardigum
SXW~2@ = AXE)+ BUE)
SI-NX©S = 2@+ B ués)
X6 = ST-A A + G- B us)

Teye ‘
g amisenyg leplace Toenygum

L1 =~ -
[@T— A A + (ST-4) G U@l
= LT OT-AT @) . et D

7(@)

AE)

= ¢ A©)

‘hi . -
A ot [@I—A}”gu@ = gteAG—@s W) da

S by UCJML& VSN -N0

b — ¢ 3
2, AR = Qe X + S é/f\@"ﬁ)

— 5 B UG da
HoMoap s m
S OLL?ZE\Q Faed sylutogm .

NOTE :

t

L ' {¢(s) BU@s)} = IQ(t—‘r) BU(1)dt

0

PROBLEMS

1) Find the homogeneous solution of the system

el alxe wf]

SOL:
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The solution of the given system is given by,

X =eM X,
Let us compute the state transition matrix ¢ using Laplace transform method.

eM =g [(s1-A)Y]

s 0 0 1
GI-A) =1, s]{-z ﬂs}
_-s -1
H_2 s+3

- Ay :__1__[54-3 1]

s?+3s+2 | -2 s

s+3 i

(s+1) (s+2) (s+1)(s+2)
-2 S

[ (s+D) (s+2) (s+1) (s+2)]

et =gl [sI-A]"

Det _ g2 et — o2
T —2et42e ™ _ety2e
The homogeneous solution of the state equation is given by,
_ At
X(t) =e™ X,

] 2et —g et~ 1
- -2 + 27 —et42e ] |0

[ 2et—e™
—2e7" - 2e %t

2) Find the homogeneous solution of the system

Xi|]_ [oyxy « [
)"(‘m-llx2 ° " o

SOL:
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From the given model,

A

[sT-A]

Adj [s1- A]

}sl - A

[sI- Al =

At

"
—
g O
o

Adj [s 1- A} =[ 1

I

1 0] 10
*lo 1|1 1

oo

]

(s- 1)

s— 1

s—1

[

s-1 0

1 s-—-1

2

|s1- A

s—

|

1

(s-1)°

L s1-A]" =L

(s- 1)

s—1

0
s—1

|

X(t) = e* X(0) = zero input response

3)

. 1
Given X(t) = [ 0

2 -3

[Ct
{
te

I

X, ()
X,

0

e,

N

0

l] u(t)

L4

€

t

|

|
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1
Find the unit step response when, X(0) = [ 1].

SOL:
0 1 0 1
oo B el e
1 0 0 1 s -1
[sT- A} = S[o 1]'[—2 -3]= 2 s+3]
Crr Al Chi Cpa T_ s+3 -2 r_|'3+3 1
Adj [sT- Al = C,, c._,z] “[ l s] 12 s
S -1 2
|sI-A| = 0 ss3|™ " + 3s + 2 = (s+1) (s+2)
[ s+3 1 ]
. _ (s+1)(s+2) (s+1)(s+2)
- Aft = AdI-AT = 6(9)
|sI-A| -2 s
_(s+1)(s+2) (s+1)(s+2)J
21 11
s+1 s+2 s+1 s+2
o(s) =
-2 N 2 -1 N 2
| s+1 s+2 s+1 s+2]
[ 2e7t -7 et -2 ]
™ = L7 [o(s)] =
—2e”t 4272 —et +2e72

1 2et—e® 4ot ™ 3t -2e72
ZR = M) =e| |= =
0 =e 1 ~2e 420 —et 4272 ~3et +4e72

ZSR = L7 {lp(s)BU(s)} where U(s) = % due to unit step input
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[ (s+3) 1 ]
G+D6+2) G+0e+2 | |9 [1]

-2 S 1
[(s+1)(s+2)  (s+1)(s+2)

o -— )

1 05_1 05"

- s{s+1)(s+2) - s s+1 st2
S 1 _1

_(s+1)(s+2)_ | s+1 s+2 ]

(05-e ' +05¢ |

= S
- -
et —e™ |
3e7t =272 0.5-e™" +0.5¢™™ 0.5+ 2¢™" —1.5¢™
S Y(t)=ZIR + ZSR = + =
3¢t + 4ot et - 27! 4 3¢
4)

A system 1s given by the following vector-matrix equations.

NEMIEEE

where the initial condition is given by x(0)=[1 1]7
Determine (a) State transition matrix, (b) Zero input response, (¢) Zero state response for u =1,
(d) Total response, and (¢) Inverse of state transition matrix.

SOL:
The given state equation may be written as
x = Ax+ Bu
fo 1 0
where, A = and B =
-4 =5 1
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(a) State transition matrix ®(7)

sI— A

S
sT— Al

(sI — A)!

N3

—1

4 s+5

|

— s> +5s5+4

.adj (sI — A)

S+35

1

s 15s+4

|SI—A|

s+5 1
—4 s

1

s* +5s5+4
—4

s?+ 55+ 4
g

| 57 +5s5+4

4

1

s?+5s+4

1

s

4

1

-1

s+5

3(s+1) 3(s+4) 3(s+1) 3(s+4)
-4 4 -1 4
+ +
3(s+D) 3(s+4) 3(s+1) 3(s+4)

D)= e = [ [(51 . A)‘l]

|
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(b) Zero mput response is obtained from by putting 2(T) = 0 and letting it be x .

e’ x(0) = d() x(0)

x, =
- .
i(4e_t—g‘”) E(e I*etﬂ) [lw
i(f.&e_“r.e_‘”) i(e_f+4e_4r) L
—(’Se_f — 28_‘”)
1 —t —4f
E(—Se +8¢ M)
(¢) Zero state response for # = 1 1s obtained from by putting x(0) and letting 1t
be x..
x, = JreA(Ff)Bzr(’r)d‘r
(1 o) —ager) L o) —ag-1)\ |
—(49 —e ) —(e —e )
1| 3 3
= I A | Bdr
0
;(_e—(r—r) +e—4(r—r)) _(_e—(r—r) +4e—4(r—r))

; % ( e =7 _ 8—40—:))
= I ) dr
(_e—(r—r) _|_4e—4(f—r))

- J';%({?_HT _e_4f+4r)dz_ i (li}[el‘ iesht]

t1 —f+T —dr+4r
_J. L—(—e e )dr_ (—1+l)—(—4€3_I +e“”)

) | =
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(d) Total response is given by
x(1) = x; + x,

l(59_I —29_43) .
3 .

- |, +l 4 4
E —Se_f + 88_4‘, e_r — g_ﬂ”r

E_l_ze_'r_ie_‘”
4 3 12
_ge_r_i_ie_‘”
3 3 i
3 2 05 4
-_Ar_ __l__ef_ e-‘-”
x, (1) 4 3 12
| x, (1) _Ee—f +§e—4r
3 3

(e) Inverse: of d(7) as shown_ below.

D) = e = (1)

%(48: _84.*) l(er _e4r)
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CONCEPTS OF CONTROLLABILITY AND OBSERVABILITY
[KALMAN’S TEST]

CONTROLLABILITY

mepreid BY 4 . A B
Y- CHADU A Said To be

: i amplk Lﬂcdc'ﬂ
Comnpliz Lj Coninolloble f‘é thene Causts am 7P

G"](\ Yy 6(-.\ the S%ﬁ/m %*(m\ A Y\-Lb.ax_' S‘i’at{ X QD_)

i) whal

jo B Stah x{dp) n A /étﬁﬂlnﬁ foma -

(3 Condnollabldily o O S9¥m

%) a7 el | ™ Ay Nanye

Q) ~o Hhun tht Syn g ot Contrallable
1l R 2o tan e syl Condrcllabls .

OBSERVABILITY
A [h"“ia_n e urveouwant S%ﬂ‘m Cann R supsambed

by %= AN+ B

Yoo CoAtDn A Gompllily dbsonuable 4 U
)GnCJUle%L C% thu OIPJSi Voand 15 U own ~ finilz
ambinval {L\é{gtﬂ suffpccent o deforffring Wy Stolg

Alko).
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o\ ohyr\uobiuj C() e Syslem
e

CA

CA®

1

O =

(AW\‘\J
1l |Qo]= 0 (thwm B splom 3 Mok @bYnvable.

-

1k R 2o, then B Wem D Oexuakle.

PROBLEMS

1) Find the controllability of the system described by the state equation
% -2 4) (o) (o
| B i Ut
2 N B ¢ ,
[ 71

guan . pfr ] s o f)

SOL:

m=2

e ortndlable mabut Q¢ < (B AB)

AD = (_; :] (U “(—ﬂ

.m.(! o i
Tt Juuam Syptem 4 cordillably .
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2) Find the observability of the system described by the state equation

' © = 0 A 0

%) [ l{ 1 +[;]u

, 0 )M .
SOL:

I AL (-1 o) -
(=1L UM A ~[O 02] | C :[i 3]

= N =
Tz oP3WablL  mabux | &, :(c
CA

Mo) - -9
Tu. Guen  Mm 4 obwvebly.

3) Check the controllability of the system

L4

¢ = |9 &—}'[F]U
L)l

o |

Given B = [_"] A = ,;.-L 3

SOL:
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\)

AR

| &

)

o )
-~ -3

|

- Ly
-2 -9
l -1
-

The Sjﬂ'm 5 8

4) Check the observability of the system

Y({) =

L.-G —1

-6

vy = [u 5 ] {:

SOL:

2%

Con +noi’a,bl&-

|
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The vy of o f E-W. ol,$e91\/b\bi\'iij rac |
q" - C —
3
&, = {CT_P,TGT ﬁT)CT]; - 3 ¢
0

’ ~

-

- Y ['-Hrs] +6 [fs.—sj ~ 6 [J *"fJ

yg ~6o —)&

—
—

- ~2Y ?o-

'I‘V\e,SJS-l-eMn )5 Cﬂmf\u—fﬁ | O,

5) Test the observability of the system described by

A:[—-a O], B;[?]/ c-[1 o]

o -
SOL:
Gwvem the matncy A v C

c’r:[!J A“‘C“;[rao:l[;]cf]
0 o -/ 0
The Obseawb‘.l:ba el

s [ we)= [0 7).

|Q6‘= 6 -0 = O~

HWCE 'HﬂLSdLg[;e,w\ ;j ’nol}— ObJ@lmb]e
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6)
Consider the system defined by

fTo 1 o g
4=10 o 1 B = (0| ad C=[10 5 1]
6 -11 -6 ]

Check the system for (a) complete state controllability and (b) complete observability.
SOL:

(a) Test for complete state controllability

0 1 o0]f1 0
AB =10 0 11(l0(=] 1
6 —-11 -6]]1 ~12

0 1 0 1 1

AB = | 0 0 1 0l=|-12

-6 —-11 -6]|-12 61

So the controllability matrix Q)_is given by

O, = |B:4B: 4'B|

10 1
=10 1 -12
1 12 61

Now, |Q |=-84#0

So the rank of matrix Q_is equal to its order, that is, 3. This indicates that according to Kalman’s
test, the system 1s completely state controllable.
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(b) Test for complete observability

710 o 0 -6

C* = |5|andA4A*=11 0 —-11
1 0O 1 -6

A*C* = |1 0 —114 5 |=[-1

(A *)2(7‘* =

[—
<
|
[—
p—
|
f—
[l
AN

So the observability matrix 0, is given by
0, = |Cc*:axc*: (A*)zc*]

[10 -6 6
=5 15
1 -1 5
Now, O, =96#0

So, the rank of matrix O, 1s equal to its order, that 1s, 3. This mdicates that due to Kalman
the system i1s completely observable.
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